We study theoretically a ring of three quantum dots mutually coupled by antiferromagnetic exchange interactions, and tunnel-coupled to two metallic leads: the simplest model in which the consequences of local frustration arising from internal degrees of freedom may be studied within a 2-channel environment. Two-channel Kondo (2CK) physics is found to predominate at low-energies in the mirror-symmetric models considered, with a residual spin-1 2 overscreened by coupling to both leads. It is however shown that two distinct 2CK phases, with different ground state parities, arise on tuning the interdot exchange couplings. In consequence a frustration-induced quantum phase transition occurs, the 2CK phases being separated by a quantum critical point for which an effective low-energy model is derived. Precisely at the transition, parity mixing of the quasi-degenerate local trimer states acts to destabilise the 2CK fixed points; and the critical fixed point is shown to consist of a free pseudospin together with effective 1-channel spin quenching, itself reflecting underlying channel-anisotropy in the inherently 2-channel system. Numerical renormalization group techniques and physical arguments are used to obtain a detailed understanding of the problem, including study of both thermodynamic and dynamical properties of the system.
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I. INTRODUCTION
Quantum dot devices have recently been the focus of intense investigation, due to the impressive experimental control available in manipulating the microscopic interactions responsible for Kondo physics [1] [2] [3] [4] [5] . In particular the classic spin-1 2 Kondo effect 1 -in which a localized spin is fully screened by coupling to itinerant conduction electrons in a single attached metallic lead -has now been widely studied experimentally (see eg [4] [5] [6] [7] [8] ).
But arguably the most diverse and subtle Kondo physics results from the interplay between internal spin and orbital degrees of freedom in coupled quantum dots. A wide range of strongly correlated electron behavior is accessible in such systems, with variants of the standard Kondo effect [9] [10] [11] [12] [13] [14] [15] , quantum phase transitions 12, 13, [16] [17] [18] and non-Fermi liquid phases [19] [20] [21] [22] having been studied theoretically. In particular, both double 10, 12, 16, [23] [24] [25] [26] [27] [28] and triple 11, 14, 15, [29] [30] [31] [32] [33] [34] [35] [36] quantum dots have been shown to demonstrate low-temperature behavior quite different from their single-dot counterparts 9 . Advances in nanofabrication techniques [4] [5] [6] [7] [8] [37] [38] [39] [40] [41] [42] [43] [44] , and atomic-scale manipulation using scanning tunneling microscopy 45, 46 , now allow for the construction of coupled quantum dot structures, in which the geometry and capacitance of the dots can be controlled, and their couplings fine-tuned 2, 39 . Experimental access to a rich range of Kondo and related physics is thus within reach.
One of the most delicate effects, however, arises in the two-channel Kondo (2CK) model proposed by Nozières and Blandin 47 , which describes a spin-1 2 symmetrically coupled to two independent metallic leads. The standard, strong coupling Fermi liquid fixed point common in single-channel models is destabilized here. Much studied theoretically (for a review see [48] ), the dot spin in the 2CK model is overscreened at low temperatures, with each channel competing to compensate the local moment. The nontrivial intermediate-coupling fixed point which controls the low-temperature behavior of the system has a number of unusual non-Fermi-liquid (NFL) properties [48] [49] [50] [51] , including a residual entropy of 1 2 ln(2) and a magnetic susceptibility which diverges logarithmically at low temperature.
The key ingredient of this 2CK physics is the suppression of charge transfer between the two symmetrically coupled leads 47, 48, 52 -the necessity in essence of a central spin. Experimental realizations of 2CK physics have been variously sought in eg heavy fermion systems containing Uranium 53-55 , scattering from 2-level systems using ballistic metal point contacts 56, 57 , systems with tunneling between nonmagnetic impurities in metals 58, 59 , and from impurities in graphene 60 ; albeit that the interpretation of observed behavior in terms of 2CK physics is not always unambiguous.
Recently however, Potok et al have demonstrated 44 clear two-channel behavior in a coupled quantum dot device in which one small and one large dot are tunnelcoupled, with the small dot also coupled to a metallic lead. The large dot acts as an interacting second lead, but is fine-tuned to the Coulomb blockade regime so that charge transfer is energetically disfavoured. A small degree of inter-lead charge transfer must nonetheless occur, so ultimately the system is a Fermi liquid, with the 2CK fixed point destabilized below some lowtemperature scale (which crossover has been widely studied theoretically 18, 28, 52 , as has the instability of the 2CK fixed point to channel asymmetry 47, 51, 61, 62 ). But at finite temperatures, 2CK physics is clearly observed 44 . Studying coupled quantum dot systems in a twochannel environment has attracted considerable theoretical interest recently 17, 18, 21, 35, [63] [64] [65] , in part because NFL states are accessible. The two-impurity two-channel Kondo model 63, 66, 67 (where two antiferromagnetically coupled dots are each coupled to their own lead) is a prime example, in which the tendency to form a local singlet state on the two dots competes with the formation of two separated single-channel Kondo states 63, 66, 67 . The quantum critical point separating these phases is again the 2CK fixed point 68, 69 . Triple quantum dot (TQD) models with three dots coupled to two leads in a mirrorsymmetric fashion have also been studied 14, 15, 18, 35, 65, 70 , recent work 35 byŽitko and Bonča showing in particular that a range of fixed points familiar from simpler quantum impurity models are accessible in a ring model. Indeed both two-channel and two-impurity Kondo effects are realised, on tuning the interdot couplings as a third dot is coupled to the two-impurity two-channel system 35 . TQDs arranged in a ring geometry also provide 13, 35, 41 the simplest and most direct means of studying the effect of local frustration on Kondo physics. In mirrorsymmetric systems, all dot states can be classified by their parity under left↔right interchange 11, 13 . This symmetry permits a level crossing of states in the isolated trimer on varying the interdot couplings, with a pair of degenerate doublets comprising the ground state when all dots are equivalent. It was recently shown 13 that this level-crossing is preserved in the full many-body system when a single lead is attached. The situation is however more subtle on coupling the trimer to two leads, which is the focus of the present paper. We study a two-channel TQD ring model, shown schematically in Fig. 1 (and discussed below) , as a function of the interdot exchange couplings; using the density matrix extension 71,72 of Wilson's numerical renormalization group (NRG) technique [73] [74] [75] . We show that 2CK physics predominates in this model, but that two distinct 2CK phases must in fact arise since local trimer states of different parity can couple to the leads. In consequence, one expects a quantum phase transition to occur between the two 2CK phases. This is indeed shown to arise, with the 2CK phases separated by a nontrivial quantum critical point, the nature of which is uncovered explicitly and analysed in detail.
The paper is organized as follows. In Sec. II we discuss the two-channel TQD Hamiltonian, and develop lowenergy effective models to describe the behavior of the system when deep in each 2CK phase. Symmetry arguments indicate the presence of a quantum phase transition near to the point of inherent magnetic frustration in the TQD, and an effective low-energy model valid in the vicinity of the transition is derived. Sec. III presents NRG results for the full system, considering both thermodynamics and dynamical properties of the 2CK phases. The transition itself is investigated in Sec. IV, and the nature of the critical point elucidated, employing heuristic physical arguments in addition to direct calculation. In Sec. V the effective low-energy model describing the transition is itself studied directly using NRG. The paper concludes with a brief summary. Before proceeding, we point out that the stability of 2CK physics in the model studied here is of course delicate, just as it is for the standard two-channel Kondo model 47, 48, 52 . A small degree of charge transfer, which would arise in a real TQD device from interdot tunnelcouplings (as opposed to exchange couplings), will ultimately lead to a crossover 18,28,52 from a 2CK to a stable Fermi liquid fixed point, below some characteristic low-temperature scale. The same situation is of course well known to occur for channel anisotropy 47, 51, 61, 62 , as would arise in the TQD model upon destruction of overall left↔right symmetry via eg different exchange couplings J 23 = J 21 (see Fig. 1 ).
II. 2CK TRIMER MODEL
We consider a system of three (single-level) quantum dots, arranged in a triangular geometry, as illustrated in Fig. 1 . Dot '2' is coupled to dots '1' and '3', which are coupled to each other and to their own metallic lead. We model the central dot 2 strictly as a spin-
The states are degenerate precisely at J ′ = J, reflecting the inherent magnetic frustration at that point. A level crossing of the doublets at J ′ = J is permitted because each has different symmetry under 1 ↔ 3 permutation. We define a parity operatorP i,j which exchanges orbital labels i and j (as discussed further in the Appendix). From Eq. 1 it is clear thatP 1,3 commutes with the isolated TQD Hamiltonian, [P 1,3 , H tri ] = 0. Thus all states of H tri can be classified according to 1 ↔ 3 parity, the eigenvalues ofP 1,3 being ±1 only (sinceP 2 1,3 = 1). In the spin-only ('singly-occupied') regime, the parity operator may be expressed concisely as ), withŜ 13 = (Ŝ 1 +Ŝ 3 ) the total spin of dots 1 and 3. Thuŝ P 1,3 |±; S z = ±|±; S z describes the parity of the doublet states of H tri . The full lead-coupled Hamiltonian H is not of course invariant to 1 ↔ 3 interchange alone, but rather to simultaneous exchange of the 1, 3 dot labels and the left/right leads (embodied inP L,R =P 1,3 kP Lk,Rk , see Appendix); which we refer to as 'overall L ↔ R' symmetry.
B. Effective low-energy models
On tunnel-coupling to the leads, effective models describing the system on low-energy/temperature scales in the N = 3-electron valley of interest may be obtained by standard Schrieffer-Wolff transformations 1,77 , perturbatively eliminating virtual excitations into the N = 2-and 4-electron sectors of H to second order in H hyb (and neglecting retardation effects 1 as usual). The calculations are lengthy, so rather than giving full details we sketch below a somewhat simplified, but physically more transparent, account of the key results (Eqs. 7,13 below).
First we consider the effective low-energy model appropriate to the temperature range (J, J ′ ) < T < U , in which all dots become singly-occupied. Here the appropriate unity operator for the TQD Hilbert space iŝ 1 so = σ1,σ2,σ3 |σ 1 ; σ 2 ; σ 3 σ 1 ; σ 2 ; σ 3 |, with σ i =↑/↓ the spin of dot i. To second order in the dot-lead tunneling V , a spin-model of form
where H 0 describes the leads as above and:
Here the effective exchange coupling is ρJ K = 8Γ/(πU ), with ρ the lead density of states per orbital at the Fermi level; and Γ = πV 2 ρ T is the hybridization, with total lead density of states ρ T = N ρ, and N the number of orbitals/k-states in the lead (such that N V 2 , and hence Γ, is finite in the continuum limit N → ∞). In Eq. 3,ŝ α0 is the spin density of lead α = L(R) at dot 1(3) given bŷ
with σ the Pauli matrices and f † α0σ the creation operator for the '0'-orbital of the α = L, R Wilson chain.
As above, the lowest states of H s tri are the doublets |±; S z given in Eq. 2. Provided they are not neardegenerate, only the lower doublet need be retained:
To first order in J K , an effective low-energy model is then obtained simply by projecting into the reduced Hilbert space of the lowest doublet, usinĝ 1 2 state of the TQD is thus overscreened by conduction electrons, embodied in the infrared 2CK fixed point describing the non-Fermi liquid ground state 47, 48, 52 , in which the partially quenched spin is characterised by a residual entropy of S imp = 1 2 ln 2 (k B = 1); overscreening setting in below the characteristic two channel Kondo scale T 2CK K,γ , determined from perturbative scaling as
SinceP 1,3 commutes with all components ofŜ γ in Eq. 7, [Ĥ eff,γ ,P 1,3 ] = 0, whence 1 ↔ 3 parity is conserved in the effective low-energy model. Since that parity is determined by γ = + or −, there are two distinct 2CK phases, which one thus expects to be separated by a quantum phase transition (QPT).
In the vicinity of the transition, ie close to J ′ ≃ J, neither of the two 2CK models in Eq. 7 is of course sufficient to describe the low-energy physics: the states |+; S z and |−; S z are now near-degenerate, so both must be retained in the low-energy trimer manifold. Hence, defininĝ 1 =1 + +1 − and proceeding in direct parallel to the discussion above, an effective low-energy model in the vicinity of the transition is obtained from H trans eff
The final term in Eq. 10 (arising from1H s tri1 ) is simply the energy difference between the γ = +/− doublets, and the first term is (see Eq. 6) the 2CK coupling of each doublet to the leads. It is helpful to recast Eq. 10 in terms of spin-1 2 operators for real spinŜ (= γŜ γ ) and pseudospinT for the local Hilbert space, defined bŷ
Schrieffer-Wolff calculation again gives precisely the effective Hamiltonian Eq. 13, with NRG in Sec.V. The pseudospin operators can naturally be classified according to 1 ↔ 3 parity, the components ofT having different parity underP 1,3 : usinĝ
for the raising/lowering components. By contrast, all components of spinŜ (Eqs. 11a,12a) commute withP 1, 3 . Hence, since the global (overall L ↔ R) parity must be conserved ([H trans eff ,P L,R ] = 0), interactions involving thê T z component of pseudospin can only couple to even combinationsŝ L0 +ŝ R0 of the lead spin densities (symmetric under interchange of the L/R lead labels), as in the first term of Eq. 13 (or 10); while by the same token interactions involvingT ± must be associated with the odd (antisymmetric) combinationŝ L0 −ŝ R0 , as in the second term of Eq. 13. In the vicinity of the QPT the latter is of course the key interaction in H trans eff , since in switching the parity of the TQD states it in essence drives the transition between the two 2CK phases.
Finally, note that the last term of Eq. 13, equivalent to a magnetic field acting on the pseudospin, energetically favors the |−;
2 ) when their energy separation E ∆ > 0, and |+; S z (T z = + 1 2 ) for E ∆ < 0. Hence, when |E ∆ | is sufficiently large that only one of the doublets need be retained in the low-energy TQD manifold, theT ± terms are obviously suppressed; and Eq. 13 then reduces as it must to one or other of the 2CK models Eq. 7. In fact, as shown in Sec. IV ff, for any |E ∆ | = 0, the E ∆T z term in Eq. 13 ensures that one or other of the 2CK fixed points ultimately remains the stable low-temperature FP.
By contrast, precisely at the point of frustration where |E ∆ | = 0, theT ± terms in Eq. 13 destabilize the 2CK FPs. The resultant H trans eff then describes the quantum critical point which separates the two 2CK phases, and which we consider in detail in Sec. IV.
III. PROPERTIES OF THE 2CK PHASES
The physical picture thus indicates that 2CK physics dominates the low-energy behavior of the model; with a QPT occurring as a function of J ′ between two 2CK phases of distinct parity.
We now analyse the properties of each 2CK phase of the full model; using Wilson's NRG technique 73, 74 , employing a complete basis set of the Wilson chain 71 to calculate the full density matrix 71, 72 (for a recent review see [75] ). Calculations are typically performed for an NRG discretization parameter Λ = 3, retaining the lowest N s = 4000 states per iteration. As above we choose for convenience ǫ = − 1 2 U , and consider a symmetric constant density of states for each lead, with density of states per conduction orbital ρ = 1/(2D), and bandwidth D/Γ = 100 ≫ 1 (such that results shown are essentially independent of D). In all calculations shown explicitly, we use a fixed ρJ = 0.1 andŨ ≡ U/(πΓ) = 7, varying the exchange J ′ (see Fig. 1 ) 78 . Fig. 2 shows the evolution of the lowest energy levels of the system as a function of NRG iteration number N , exemplifying RG flow between different FPs of the model. Panel (a) is for a system deep in the J ′ < J regime (specifically ρJ ′ = 0), while panel (b) shows the energy levels for ρJ ′ = 0.105 (> ρJ). For comparison, panel (c) is for a pure (single spin-1 2 ) 2CK model of form Eq. 7, ie H = J KŜ · (ŝ L0 +ŝ R0 ), with a Kondo coupling ρJ K = 0.055 chosen to be the same as the effective coupling ρJ K− of the ground state TQD doublet in (a) (as obtained from Eq. 8(b)). In both cases (a) and (b), the levels are seen to converge quite rapidly to their N → ∞ values, which are clearly those of the 2CK FP in Fig. 2(c) . These levels are of course characteristic of the 2CK FP, and -after a trivial rescaling by a factor which depends on the NRG discretization parameter Λ -are described by the fractions 0, 
A. Thermodynamics
NRG results for thermodynamics in each phase are now considered. We focus on the 'impurity' (TQD) contribution 74, 75 to the entropy, S imp (T ), and the uniform spin susceptibility,
z refers to the spin of the entire system and Ω imp = Ω − Ω 0 with Ω 0 denoting a thermal average in the absence of the TQD); the temperature (T ) dependences (FO) FP, with all possible states of the TQD thermally accessible, and hence S imp = ln(32). For T < ∼ U the dots become in essence singly occupied, and hence an entropy of ln (8) is expected 80 . Below T ∼ |E ∆ | all but the lowest trimer doublet is projected out. Thus S imp approaches ln(2), signifying the LM FP where the lowest doublet is essentially a free spin-1 2 disconnected from the leads (Eq. 7 with J K− ≡ 0).
The LM FP is however unstable, and the system always flows to the stable 2CK FP below T ∼ T K , recovering ( Fig. 3(a) ) the to a common functional form, ie the universality characteristic of the crossover from the LM FP to the stable 2CK FP 51 .
The underlying FPs of the model are likewise evident from T χ imp (T ), Fig. 3(b) . The highest T behavior corresponds to two uncorrelated sites (dots 1 and 3 of the TQD) and a free spin (dot 2). Hence T χ imp (T ) = 2 × The characteristic low-T logarithmic divergence 49, 51, 61 of χ imp (T ) itself is evident in Fig. 4 for the same parameters as Fig. 3 . The slopes of the divergence vary widely between the three cases, but all collapse to the universal form 51 T K χ imp (T ) = α ln(T K /T ) (with α a constant), as seen in the inset of the figure.
From the arguments of Sec. II B, 2CK physics is again expected at low-energies in the J ′ ≫ J regime, where the even-parity |+; S z doublet is now the lowest TQD state. This is confirmed in Fig. 5 , where (in direct parallel to Fig. 3 for J ′ ≪ J) thermodynamics are shown for fixed U = 7 and ρJ = 0.1, but now with J ′ /J = 1.05, 1.15 and 1.25: the scaling forms for S imp (T ) and T χ imp (T ) vs T /T K , shown in the insets of Fig. 5 , are precisely those arising for J ′ ≪ J and shown in Fig. 3 . While the low-energy physics in the two regimes J ′ ≪ J and J ′ ≫ J have common 2CK scaling behavior, we add that the Kondo scales T K themselves evolve very differently with J ′ ; as will be considered explicitly in Sec. III C (see Fig. 10 ), and evident even from cursory comparison of Figs. 5,3.
B. Dynamics
We turn now to dynamics, focussing largely on the local single-particle spectrum of dot 1 (or, equivalently by symmetry, dot 3):
the local retarded Green function. We obtain it through the Dyson equation,
where G 0 1 (ω) is the non-interacting propagator (ie for
is the usual one-electron hybridization function for coupling of dot 1 to the left lead: Γ(ω) ≡ Γ R (ω)−iΓ I (ω), with Γ I (ω) = Γ (= πV 2 ρ T ) for all |ω| < D inside the band, and Γ R (ω = 0) = 0. An expression for the electron self-energy Σ 1 (ω) is also readily obtained using equation of motion methods 1,81 . It is given by
where Â ;B ω is the Fourier transform of the retarded correlator Â (t 1 );B(t 2 ) = −iθ(t 1 −t 2 ) {Â(t 1 ),B(t 2 )} , and where the local Green function itself is given by G 1 (ω) = c 1σ ; c † 1σ ω (independent of spin σ in the absence of a magnetic field). The self-energy can be calculated directly within the density matrix formulation of the NRG 71, 72, 75, 82 , via Eq. 17; with G 1 (ω) then obtained from Eq. 16. D 1 (ω) calculated in this way is highly accurate 75, 82 , and automatically guarantees correct normalization of the spectrum 71, 72 .
To motivate study of the spectrum D 1 (≡ D 1 (ω; T )), we note that it controls the zero-bias conductance through dot 1. The TQD does not of course mediate current from the L to R leads, since the internal couplings between constituent dots are pure exchange ( Fig. 1 and Eq. 1). However the L and R leads in Fig. 1 can obviously each be 'split' in two (symmetrically, to preserve overall L ↔ R symmetry), enabling a current to be driven through dot 1 or dot 3; with the same zero-bias conductance in either case, by symmetry. Following Meir and Wingreen 83 , the resultant conductance follows as
where f (ω) = [e ω/T + 1] −1 is the Fermi function (with ω = 0 the Fermi level) and G 0 = 2e 2 /h the conductance quantum. The (ω, T )-dependence of D 1 thus controls the conductance, and for T = 0 in particular G c (T = 0)/G 0 = πΓD 1 (ω = 0; T = 0). From Eq. 16, the local propagator for ω = 0 = T may be expressed as [G 1 (ω = 0)] −1 = −ǫ * + iΓ * in terms of the renormalized single-particle level ǫ * and renormalized hybridization Γ * , given by
in terms of the ω = 0 value of the self-energy at T = 0; and hence from Eq. 18:
NRG results for single-particle dynamics are considered below, but first a question arises. We have argued above that, sufficiently deep in either regime J ′ < J or J ′ > J, the low-energy physics of the full three-site TQD model must reduce to that of a single spin-1 2 2CK model (of form Eq. 7). The question is: to which dynamical property of a pure 2CK model should the spectral density πΓD 1 (ω) be compared? To answer this, note first that Eq. 18 may be written equivalently as
in terms of the t-matrix, t L (ω), for the L lead; with t α (ω) defined in the usual way in terms of scattering of electron states in the α = L, R lead, via
where G αk,αk ′ (ω) = a αkσ ; a † αk ′ σ ω is the propagator for the lead states. Using equation of motion methods 1, 81 it is straightforward to show that 
and for this case equations of motion again yield Eq. 22
where
Comparison of −πρ T Imt L (ω) for the full TQD model with its pure 2CK counterpart (using ρ T /N = ρ = 1/(2D)) then gives the desired correspondence
with spectral density
for the single-spin 2CK model 88 .
Dynamics: results
Fig . 6 shows the T = 0 spectrum πΓD 1 (ω) vs ω/Γ, in the J ′ < J regime (for the same bare parameters as Fig. 3  for thermodynamics) . The main panel shows results on a log scale for ω > 0; and particle-hole symmetry for
The figure also shows Dρ K (ω) for the single-spin 2CK model (for ρJ K = 0.07, ensuring an exponentially small Kondo scale but otherwise chosen arbitrarily).
We first comment on the high-energy spectral features ('Hubbard satellites') in D 1 (ω). As usual, these reflect simple one-electron addition to the isolated TQD ground state. The lowest such excitation from the |−; S z TQD ground state incurs an energy cost ∆E − = 1 4 (J − J ′ ) − ǫ. On tunnel coupling to the leads these features are naturally broadened, but the satellites are centered on ω ≃ ∆E − , indeed seen from Fig. 6 to shift slightly to lower ω on increasing J ′ . In the J ′ > J regime (not shown), directly analogous behavior arises. Here the |+; S z doublet is the TQD ground state, the Hubbard satellites in D 1 (ω) are now centered around ω ≃ ∆E + = The most important characteristic of the spectra in Fig. 6 is of course the low-energy Kondo resonance, the form of which reflects RG flow in the vicinity of the stable 2CK fixed point. At the Fermi level ω = 0 in particular,
-ie reaches half the unitarity limit, a hallmark of the 2CK FP, likewise known from study of the two-channel (quadrupolar) single-impurity Anderson model 85, 86 . Universal scaling of single-particle dynamics is considered in Fig. 7 , where πΓD 1 (ω) vs ω/T K is shown (with T K defined in practice from thermodynamics, as in Sec. III A). The figure includes the three examples shown in Fig. 6 for the J ′ < J (odd parity ground state) regime, as well as spectra for the J ′ > J (even parity) regime for the same parameters as Fig. 5 ; together with Dρ K (ω) vs ω/T K for the pure 2CK model. As seen from Fig. 7 , all spectra collapse perfectly to a universal scaling form; confirming that the TQD model -be it in the J ′ > J or J ′ < J regime -is described by the 2CK model at low-energies.
As shown in Fig. 7 , the leading low-frequency asymptotics of the scaling spectrum are found to be
with the constant a ≃ 0.47; as consistent with that found for the quadrupolar Anderson impurity model 86 , and in contrast to the [1 − a(ω/T K ) 2 ] decay characteristic of the normal Fermi liquid FP in single-channel models. For |ω|/T K ≫ 1 by contrast, as also shown in Fig. 7 , the asymptotic behavior is
(with A and B pure constants O(1)); which form is also asymptotically common to the single-channel spin- vs ω/TK is shown both in the J ′ < J regime (for the bare parameter sets used in Fig. 3 ) and for the J ′ > J regime (with the parameters used in Fig. 5 ). DρK (ω) vs ω/TK for the single-spin 2CK model is also shown. All spectra collapse to the same universal form. The dotted line shows the low-|ω|/TK asymptotic behavior πΓD1(ω) = derson model 89 and its SU (2N ) generalization 90 . This is physically natural, the origin of the 'high' energy leading ∼ 1/ ln 2 (|ω|/T K ) logarithms being spin-flip scattering 1 , which occurs for both single-and two-channel models.
We consider now the electron self-energy of dot 1 in the full TQD model, the real and imaginary parts of which are shown in Fig. 8 and naturally exhibit scaling in terms of ω/T K . For Σ I 1 (ω) we find the low-ω/T K asymptotic behavior to be Σ Since Γ * = 2Γ and ǫ * = 0, it follows from Eq. 20 that the T = 0 zero-bias conductance for the TQD model reduces to one-half the unitarity limit, ie G c (T = 0)/G 0 = 1 2 , as known to be the case for a single-spin 2CK model 17, 52, 84, 87 . Moreover, although the explicit case for which we have shown results is ǫ = −U/2 where the TQD model is particle-hole symmetric, we note that Γ * = 2Γ and ǫ * = 0 -and hence πΓD 1 (ω) = -is also found to hold robustly on moving away from particle-hole symmetry.
The results above refer to dynamics for T = 0, and we now touch on T > 0. Universality implies πΓD 1 (ω; T ) depends on ω/T K and T /T K . Without loss of generality it may be cast as
where the scaling function g satisfies g(0; 0) = 1 (such that Eq. 29 for T = 0 reduces asymptotically to Eq. 27 for πΓD 1 (ω; T = 0)). For the Fermi level ω = 0 in particular, we find from NRG that the leading low-T /T K dependence of πΓD 1 (0; T ) is
with b ≃ a a constant. Employing Eq. 29 in Eq. 18 for G c (T ), and rescaling the resultant non-trivial integral (arising from the second term of Eq. 29) by exploiting the fact that the Fermi function depends solely on ω/T , gives the leading low-T /T K behavior of the zero-bias conductance as
where γ is a constant (γ = b + a ′ with a ′ = a √ πη( 1 2 ) ≃ 1.07a and η(z) the Dirichlet η-function). And the be- havior Eq. 31 is precisely that known to arise for the single-spin 2CK model 17, 52, 84, 87 . Finally, we consider briefly the local dynamic spin susceptibility of dot 1 in the 2CK phases, given by Fig. 9 shows χ 1 (ω) vs ω/Γ (for T = 0) in the J ′ < J regime, with the same bare parameter sets as Fig. 6 (the behavior discussed below being applicable in both 2CK phases). In the standard single-channel Anderson model, χ 1 (ω) exhibits characteristic low-ω Fermi liquid behavior 1,91 , χ 1 (ω) ∝ ω. By contrast, it is known 86, 92 that at the 2CK FP, χ 1 (0) plateaus at a finite constant; itself proportional to the slope of the log divergence of χ imp (T ) as T → 0. In Fig. 4 (inset) for the full TQD model we showed the uniform static spin susceptibility to have a low-T log divergence of form χ imp (T ) = α TK ln(T K /T ), with slope α/T K . Thus we also expect T K χ 1 (ω) to exhibit universality as a function of ω/T K ; as indeed confirmed in the inset of Fig. 9 .
C. Kondo Scales
The energy scale on which 2CK physics emerges in the full TQD model is of course the 2-channel Kondo temperature. T K itself varies markedly with the bare model parameters; with qualitatively different behavior for J ′ /J < 1 and J ′ /J > 1 that reflects the distinct nature (Sec. II B) of the lowest-energy TQD doublets in the two regimes, |−; S z and |+; S z respectively. This is shown in Fig. 10 , considering explicitly the Kondo scale T K ≡ T TQD ground state.
In Sec. II B we showed that the full TQD H maps onto an effective single-spin 2CK model (Eq. 7) in each of the J ′ < J and > J regimes, provided the separation between the TQD doublets |E ∆ | = |J − J ′ | is sufficiently large that one or other alone dominates the lowenergy physics. The resultant Kondo temperatures for the two regimes are then given from perturbative scaling by Eqs. 9,8. These are compared directly to the NRG results for T χ K in Fig. 10 , and are seen to agree quantitatively for |E ∆ |/J > ∼ 0.1, ie throughout the great majority of each of the two 2CK regimes.
IV. QUANTUM PHASE TRANSITION
When |E ∆ | = |J − J ′ | is sufficiently small however, neither TQD doublet alone dominates the low-energy physics, both must then be included in the low-energy trimer manifold, and as shown in Sec. II B the low-energy behavior is no longer described by an effective single-spin 2CK model, but rather by Eq. 13; with coupling between doublets of distinct parity embodied in the pseudospin raising/lowering terms. We show in the following that these additional terms in the effective Hamiltonian drive a quantum phase transition between the two 2CK phases, occurring at the point of inherent magnetic frustration.
In the isolated TQD, frustration occurs at J ′ = J where the TQD doublets are degenerate, a trivial levelcrossing 'transition' occurring in this case as J respectively in the (+)-parity phase for J ′ > J ′ c . That situation changes qualitatively on coupling to the leads, as illustrated in Fig. 11 where the T = 0 spin correlators Ŝ 1 ·Ŝ 2 and Ŝ 1 ·Ŝ 3 are shown as a function of J ′ /J for the full model 35 . While their behavior sufficiently deep in either of the 2CK regimes naturally accords with expectations from the isolated TQD, they now vary continuously with J ′ /J; as seen clearly from the magnification of the crossover region in the inset. The value of J ′ /J for which ( Ŝ 3 ·Ŝ 2 ≡) Ŝ 1 ·Ŝ 2 = Ŝ 1 ·Ŝ 3 is the point of complete magnetic frustration, and as seen from the inset to Fig. 11 is naturally slightly renormalized from unity, to J ′ c /J = 1.03216... in the example shown. We shall see in the following sections that the QPT occurs atẼ ∆ = J ′ c − J ′ = 0, with a quantum critical point separating the two 2CK phases of distinct parity.
A. Physical picture of the transition
Before showing NRG results, we give heuristic physical arguments for the behavior of the system in the vicinity of the QPT, based on the effective low-energy Hamiltonian H trans eff (Eq. 13) in which both TQD doublet states are retained in the low-energy trimer manifold. H trans eff is cast in terms of spin-1 2 operators for both real spin (Ŝ) and pseudospin (T ) for the local TQD Hilbert space, the distinct parity of the two doublets being reflected in the T z = ± 1 2 components of pseudospin. In Eq. 13 the exchange couplings 1 2 (J A ± J B ) (≡ J K± ) are both > 0 (AF), in which case it is readily argued (and confirmed explicitly by NRG) that the low-energy FP structure of H trans eff is independent of J B . For simplicity in the following we thus consider J B = 0 in Eq. 13, ie 
x in Eq. 32, and then performing a trivial rotation of the pseudospin axes from (x, y, z) → (z, x, y), Eq. 32 may be written as:
This Hamiltonian commutes withT z , so is strictly separable into disjoint T z = + 1 2 and − 1 2 sectors, ie the pseudospin is free. But in either given T z sector, the spinŜ clearly couples asymmetrically to the L and R channels, ie one has channel anisotropy. In the single spin- The 'entire' T -dependence of thermodynamics at the QCP is also readily inferred, since the pseudospin is ubiquitously free and spin-quenching is characterised by the single, finite scale T , small compared to the 1CK scale. In this case we expect flow to the CFP to be cut off at a characteristic 2CK scale, T ∼ T K , below which the system flows to the stable 2CK FP; and with T K ≡ T K (Ẽ ∆ ) vanishing as |Ẽ ∆ | → 0, indicative of the QPT. We examine this via NRG in the following section, but note here that the considerations above would lead us to expect a crossover in S imp (T ) from ln 4 to ln 2 on the scale T ∼ T 
B. Critical fixed point: NRG
The physical arguments given above imply that the NRG energy levels associated with the critical FP itself, should consist of both a set of single-channel strong coupling FP levels, reflecting spin-quenching to one lead (as arises for an AF-coupled single-channel spin- both sets of strong coupling (middle panel) and weak coupling (right panel) levels. Indeed for the full TQD model, levels in the subspaces (Q L , Q R , S z ) ≡ (x, y, S z ) and (y, x, S z ) are degenerate, so overall L/R symmetry is naturally unbroken, and the strong coupling and weak coupling levels form symmetrically in each channel.
C. Thermodynamics of the transition
We turn now to thermodynamics in the vicinity of the transition, obtained via NRG for the full TQD model; considering temperatures T ≪ Γ (ie without comment on non-universal high-temperatures, where the same behavior as in Sec. III A naturally occurs). The obvious first question is how
with exponent ν = 2, and common amplitudes A on approaching J ′ c from either side. This is shown in the inset panel (c) to Fig. 14 (itself discussed further below) . The solid lines therein show
K on a log-log scale, as the transition J ′ → J ′ c is approached from both sides. The dashed line has a slope ν = 2, onto which the
K is as such the 'boundary' scale below which Eq. 34 holds and the critical regime is entered. We add also that an exponent ν = 2 reflects the non-trivial nature of the transition: for a first order level-crossing transition, as arises 13 if the TQD is instead coupled to a single lead/channel at dot 2 (see Fig. 1 ), one instead finds 13 ν = 1. Consider now the QCP itself, Moving away from the QCP, consider now the sequence (b → e) in Fig. 13 , as the transition is progressively approached. In all cases S imp (T ) follows the QCP S T K vanishes as the transition is approached, S imp (T ) should exhibit universality in terms of T /T K . That it does is shown in the inset to Fig. 13 , where all lines (be) collapse to a common scaling curve (solid line). This scaling is of course characteristic of flow from the vicinity of the critical FP to the stable 2CK FP. As such it is thus expected to be distinct from the universal crossover in the single spin 2CK model (Sec. III A), from the ln 2 entropy plateau associated with the free spin- 
) and the critical regime |J (n = −4, not included in Fig. 15 ), the resultant susceptibility is barely distinguishable from the QCP line over most of the T /T c K range shown. As seen from the figure however, in all cases except the QCP itself, the ultimate low-T behavior is the log divergence expected for the stable 2CK FP, T c K χ imp (T ) ∼ x ln(T K /T ); with an amplitude x visible from the gradients in Fig. 15 and seen to diminish steadily as the transition is approached. While numerical accuracy prevents a definitive determination of x much closer to the transition, extrapolation of the results in Fig. 15 (as shown in the inset) suggest x vanishes as
2 from Eq. 34). Finally, as discussed only partially above (see Eq. 34), we return to the evolution of the Kondo scale shown in is seen to remain finite at the transition, as seen also in Fig. 10 of Sec. III C. This is precisely as it should be. The 'true', ultimately vanishing Kondo scale T K is of course evident in the evolution of both S imp (T ) (Fig. 13 ) and χ imp (T ) itself (Fig. 15) . But T ×χ imp (T ) -from which T χ K has been defined -vanishes as T → 0 (the explicit factor of T 'killing' the low-T log divergence in χ imp (T ) itself). Indeed, as readily inferred from 
D. Dynamics of the transition
Here we focus again on the single-particle spectrum D 1 (ω) of dot 1 (or equivalently, D 3 (ω) for dot 3). The T = 0 spectrum πΓD 1 (ω) vs ω/Γ is shown in Fig. 16 for U = 7 and ρJ = 0.1; varyingẼ ∆ = J (Fig. 13) does not show up in single-particle dynamics.
That πΓD 1 (ω = 0) should be 1 2 away from the transition is (as in Sec. III B) a natural consequence of the stable 2CK FP that ultimately arises (Sec. IV C). To understand why πΓD 1 (ω = 0) = 1 2 at the transition itself, first recall the general result from Sec. III B that πΓD 1 (ω) = −πρ T Imt L (ω), with t α (ω) the t-matrix for scattering of electron states in the α = L, R lead. As discussed in Sec. IV A, the effective Hamiltonian for the QCP (Eq. 33) is strictly separable into disjoint
sectors, the two sectors possessing common eigenvalues. In this case it is straightforward to show that
overall, as symmetry requires generally). Consider then t L (ω). As explained in Sec. IV A, at the critical fixed point the spin- While the arguments above apply to ω = 0 (and as such the CFP), one naturally expects the frequency dependence of the Kondo resonance in πΓD 1 (ω) at the QCP to be that of 
V. REDUCED MODEL FOR THE TRANSITION
In the preceding sections, the effective low-energy model Eq. 13 (or Eq. 32) has been important in understanding the behavior of the full TQD system in the vicinity of the QPT. We have also performed direct NRG calculations on the effective low-energy model itself, varying independently the bare parameters J A , J B , J mix and E ∆ (orẼ ∆ ); and now comment briefly on the results of such. Specifically, we here consider explicitly the effective model with J A = 0 = J B , which we have confirmed describes the same physics as arises with generically nonzero J A or J B (reflecting the fact that the key element in the effective Hamiltonian Eq. 13 is the pseudospin raising/lowering term, H mix below, which in switching the parity of the TQD states effectively drives the QPT).
We thus consider the reduced model H red = H 0 + H mix + H mag , with H 0 the Hamiltonian for the leads and
The underlying FPs of H red are readily inferred. The SU (2) × SU (2) FP corresponds to J mix = 0 =Ẽ ∆ in Eq. 36, and as such to both a free spin and a free pseudospin; this of course is the high-temperature FP of H red , generating eg the associated ln 4 entropy. Two LM FPs also arise, corresponding formally to J mix = 0 in Eq. 36 (and hence a free spin), andẼ ∆ → ±∞. ForẼ ∆ → +∞, the T z = − 
This is a model of 2CK form in the reduced Hilbert space of the lowest pseudospin component ((+)-parity forẼ ∆ < 0 and (−)-parity forẼ ∆ > 0), for which the ultimate stable FP is of course the infrared 2CK FP. The overall low-energy FP structure of the reduced model is thus indeed that of the full TQD model (we discuss its RG flow diagram below). On studying Eq. 36 directly with NRG the transition occurs as expected at E ∆ = 0, and the above FPs are indeed observed eg in the T -dependence of thermodynamics. Fig. 18 shows the resultant 2CK scale T K /D vsẼ ∆ /D for systems with common ρJ mix = 0.075. T K is determined in the usual way from the entropy, and found to be non-zero for anyẼ ∆ = 0 (Fig. 18) ; and we identify T c K (∝ exp(−1/ρJ mix )) as the crossover scale from the SU (2)×SU (2) FP to the CFP. The inset to Fig. 18 shows T K /D vs |Ẽ ∆ |/T c K on logarithmic axes. Just like Fig. 14 for the full TQD model, the pointẼ ∆ = T c K can be seen to separate two distinct regimes. For |Ẽ ∆ | ≫ T c K , systems may be considered 'deep' in the 2CK phase (which situation constitutes the majority of the main panel of Fig. 18 , and indeed the majority of the parameter space of Eq. 36). ForẼ ∆ ≪ T c K by contrast, systems flow close to the CFP, and are 'near' the transition. The vanishing T K scale associated with the transition is found to be characterized by a power-law decay T K ∼ |Ẽ ∆ | ν with ν = 2, as found in the full TQD model (Sec. IV C). We also add that since the reduced model Eq. 36 lacks a direct coupling of formŜ · (ŝ L0 +ŝ R0 ) correlated to the pseudospin (cf Eq. 13), the variation of T K is symmetric inẼ ∆ ; as evident in Fig. 18 .
A schematic illustration of the RG flow is given in Fig. 19 , in the (Ẽ ∆ , J mix )-plane. The FPs are indicated by circles, the arrows representing RG flow between them. At the highest temperatures, the system is always described by a free spin and a free pseudospin (the SU (2) × SU (2) FP, J mix =Ẽ ∆ = 0 in Eq. 36).
Considering now the case of J mix = 0, the spin always remains free; but the upper pseudospin component is frozen out for anyẼ ∆ = 0, whence as T → 0 the system is described by either a (+) or (−) parity LM FP. By contrast, forẼ ∆ = 0, any J mix = 0 drives the system to the CFP as T → 0. In the general case where |Ẽ ∆ | = 0 and J mix = 0, the system always flows ultimately to a 2CK FP (the parity of which depends on which component of the pseudospin lies lowest, ie whetherẼ ∆ > 0 or < 0). In this case RG flow first approaches the LM FPs if |Ẽ ∆ | ≫ T And as evident from the results of Sec. IV (eg Fig. 13 ), the RG flows depicted schematically in Fig. 19 are just those arising at low-energies in the full TQD model, in the vicinity of, and at, the quantum phase transition.
VI. CONCLUSIONS
We have studied in this paper what is arguably the simplest 2-channel model in which to understand the consequences of local frustration arising from internal degrees of freedom: a triple quantum dot ring, with dots mutually coupled by antiferromagnetic exchange interactions, and tunnel-coupled symmetrically to two metallic leads. While important aspects of the general model have been considered before 18, 35 , the underlying physics is found to be even richer than hitherto uncovered.
Two distinct 2CK phases arise due to the mirror symmetry in the problem, each displaying classic non-Fermi liquid properties of the 2CK fixed point below a characteristic 2-channel Kondo scale. But although 2-channel Kondo physics predominates in the underlying parameter space, the parity-distinct nature of the 2CK phases means that a quantum phase transition between them occurs. Driven by varying the interdot exchange couplings, occurring at the point of inherent magnetic frustration, and characterised by a nontrivial quantum critical point which we have explicitly identified and analysed, the transition provides a striking example of the subtle interplay between internal spin and orbital degrees of freedom. P i,j = 2(n o − 1) 2 − 1 (A.2) P i,j is self-adjoint and involutory (P If a Hamiltonian is invariant to the permutation i ↔ j, then [H,P i,j ] = 0, parity is conserved, and all states can thus be classified according to it. The isolated trimer Hamiltonian H tri (Eq. 1) is clearly invariant under interchange of the 1 ↔ 3 dot levels,P 1,3 . The full lead-coupled Hamiltonian is by contrast invariant to simultaneous interchange of 1 and 3 labels and left and right leads, the larger ('overall L ↔ R') symmetry of H implying that the relevant involutory permutation operator iŝ 
